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absolutely and uniformly convergent series of polynomials,* and, secondly, to the possibility that a single series of rational fractions may represent two or more distinct analytic functions in different portions of its domain of convergence. A notable advance upon the theorem first mentioned was made by Runge^ in 1884, who proved that any one-valued analytic function throughout the domain of its existence can be represented by a series of rational functions; furthermore, this domain may be of any shape whatsoever, provided only it forms a two-dimensional continuum. Runge's proof of these important results is not only worthy of careful study, but contains also certain conclusions which were announced again by Painlev&% in 1898, though without proof. The conclusions reached were as follows :
Let D be a domain consisting of any number of separate pieces of the complex plane, in each of which we will suppose an analytic function to be defined. The functions thus defined can be, at pleasure, either distinct functions or parts of one or more functions. In any case a series of rational functions can be formed which will converge absolutely and uniformly in any region lying in the interior of D and represent in each separate piece the prescribed function. Furthermore, this representation can be made in an infinite number of ways. Let the ensemble of the points excluded from D be represented by JE. When E consists of a single connected continuum of any sort, whether linear or areal, any point a of E can be arbitrarily selected, and the function can be expanded into the series
* " Ueber die analytische Darstellbarkeit sogenannter willkiirlicher Functionen einer reellen Veranderlichen"; Berliner Sitzungsberichte, 1885, p. 633 or Werke, vol. 3, p. 1. Simple proofs of the theorem have been given by Lebesque, Bull, des Sciences Math., ser. 2, vol. 22 (1898), p. 278, and by Mittag-Leffler, Eendiconti di Palermo, vol. 14 (1900), p. 217, with an extension to functions of two variables. In this connection see Painleve*'s note in the Compt. Rend., vol. 126 (1898), p. 459.
•fActa Math., vol. 6, p. 229.
t Compt. Eend.j vol. 126, pp. 201 and 318.vol. 9 (1903), p. 223.
